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We derive an exact, axially symmetric solution representing stationary accretion of the relativistic,
collisionless Vlasov gas onto a moving Schwarzschild black hole. The gas is assumed to be in thermal
equilibrium at infinity, where it obeys the Maxwell-Ju¨ttner distribution. The Vlasov equation is
solved analytically in terms of suitable action-angle variables. We provide explicit expressions for
the particle current density and the accretion rate. In the limit of infinite asymptotic temperature
of the gas, we recover the qualitative picture known form the relativistic Bondi-Hoyle-Lyttleton
accretion of the perfect gas with the ultra-hard equation of state, in which the mass accretion is
proportional to the Lorentz factor associated with the black-hole velocity. Surprisingly, for a finite
asymptotic temperature, the mass accretion rate is not in general a monotonic function of the
velocity of the black hole.
I. INTRODUCTION
In this paper, we investigate stationary accretion of
the relativistic Vlasov (collisionless) gas onto a moving
Schwarzschild black hole. In the literature, a Newto-
nian counterpart of this process is known as the Bondi-
Hoyle-Lyttleton accretion, a term which is used in a
broad sense, referring to early works using the balistic
approximation [1–3], as well as to hydrodynamical solu-
tions [4]. A modern review of these works can be found
in [5]. Probably the best known general-relativistic so-
lution describing stationary accretion of matter onto a
moving black hole was derived by Petrich, Shapiro, and
Teukolsky for the ultra-hard equation of state [6]. It is
exceptional in the sense that for the ultra-hard fluids the
flow is always subsonic (the local speed of sound is equal
to the speed of light), and consequently no shock waves
occur in the solution. In the generic, general-relativistic
case, hydrodynamical solutions can be computed numer-
ically [7–14]. In all these cases the solution is obtained
by solving equations of the general-relativistic hydrody-
namics, assuming a fixed black-hole background space-
time and the boundary conditions corresponding to the
gas moving asymptotically with a constant speed.
In technical terms, the analysis of this paper is a sequel
to the work of Rioseco and Sarbach [15, 16], who consid-
ered stationary, spherically symmetric accretion of the
relativistic Vlasov gas onto the Schwarzschild black hole
and developed an elegant Hamiltonian formalism for solv-
ing the relativistic Vlasov equation on the Schwarzschild
background. The key element of this formalism is the
construction of a suitable set of action-angle variables
(Qµ, Pν) (coordinates in the phase-space) that trivialize
the Vlasov equation. Consequently, choosing the right
distribution function (solution to the Vlasov equation) is
reduced to a proper choice of the boundary conditions.
∗Electronic address: patryk.mach@uj.edu.pl
†Electronic address: andrzej.odrzywolek@uj.edu.pl
In [15, 16], this choice corresponds to the gas which is
asymptotically in thermal equilibrium and at rest—the
distribution function is required to reduce asymptotically
to the Maxwell-Ju¨ttner distribution [25, 26]. As a result,
the main task in the analysis consists not so much in
the actual solving of the Vlasov equation, but rather in
computing a set of physical variables (observables) that
describe the flow: the particle current density, the par-
ticle number density, the energy density, the pressures.
To this end, another set of phase-space coordinates is
required, which allows to control the region of the phase-
space available to the motion of the gas particles. In
[15] and in this paper, these coordinates are denoted as
(t, r, θ, ϕ, ε,m, λ, χ).
In [17] (a work coauthored by one of us) the formalism
of Rioseco and Sarbach was used to compute solutions
representing the accretion of the relativistic Vlasov gas
onto the Reissner-Nordstro¨m black hole, treated as a toy
model for spinning black holes. In this paper, we abandon
spherical symmetry. As usual for the relativistic analogue
of the Bondi-Hoyle-Lyttleton accretion problem, we con-
sider accretion onto the Schwarzschild black hole with the
asymptotic conditions corresponding to the gas in ther-
mal equilibrium, boosted with a velocity v in some direc-
tion (along the z axis, say). Similarily to the spherically
symmetric case treated in [15–17], the gas in thermal
equilibrium at the infinity, is no longer in thermal equi-
librium in the vicinity of the black hole. In analogy with
[15–17], we only consider the particles that travel from
infinity and get absorbed by the black hole, and particles
with sufficiently high angular momentum to get scat-
tered to infinity. Particles on bounded trajectories are
not taken into account. This is justified by the fact that
scattering (collisions) between the particles is neglected,
and we only consider the motion in a fixed background
spacetime (there is no gravitational interaction between
the particles). In comparison with [15–17], the formulas
describing the flow are considerably more complex, but
we are still able to derive exact expressions for the parti-
cle density current, mass accretion rate, etc. Perhaps the
most surprising result of our analysis is the fact that the
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2mass accretion rate is not, in general, a monotonic func-
tion of the black-hole velocity, which is different from the
situation known from [6]. For the accretion of the perfect
fluid with the ultra-hard equation of state investigated in
[6], the mass accretion rate is simply proportional to the
Lorentz factor associated with black-hole velocity. Our
assumptions that the gas is in thermal equilibrium at in-
finity, and that the collisions between particles can be
neglected at the same time, should be understood as a
statement about time scales in the accretion process. We
assume that the particles interact only very weakly, but
the asymptotic reservoir of the gas (the cloud of the gas)
was given sufficient time to thermalise. In comparison,
the time scale associated with the motion of the particles
in the vicinity of the black hole moving through the gas is
assumed to be short. The same assumptions were made
in [15, 17]. Probably the most natural application of this
kind of models would be the accretion of the hypothetical
dark matter particles onto black holes [18].
The order of this paper is as follows. In Sec. II we recall
the Hamiltonian approach to the Vlasov equation in the
Schwarzschild spacetime and introduce suitable action-
angle coordinates. In Sec. III we discuss the boosted
Maxwell-Ju¨ttner distribution, serving as an asymptotic
condition for our accretion model. We derive the expres-
sion for the asymptotic distribution function, expressed
both in terms of the spherical phase-space coordinates
and in the action-angle variables. In Sec. IV we compute
several quantities expressed as suitable integrals over mo-
menta, in particular the particle current density and the
mass accretion rate. Numerical results are discussed in
Sec. V. Section VI contains a few concluding remarks.
In this paper we use geometric units with c = G = 1,
where c denotes the speed of light, and G is the gravita-
tional constant. Spacetime dimensions are labelled with
Greek indices µ = 0, 1, 2, 3. Spatial dimensions are de-
noted with Latin indices i = 1, 2, 3. The signature of the
metric is (−,+,+,+).
II. VLASOV EQUATION IN THE
SCHWARZSCHILD SPACETIME
A. Hamiltonian description of the geodesic motion
We start this section with recalling the basics of the
Hamiltonian description of the geodesic motion and the
Vlasov equation (in the Hamiltonian framework).
Let gµν denote the components of the spacetime met-
ric, and let (xµ) be local coordinates. We consider time-
like geodesics γ parametrized with a parameter τ . The
momenta pµ are defined as four-vectors tangent to γ:
pµ = dxµ/dτ . The Hamiltonian of a free particle can be
chosen as
H(xµ, pν) =
1
2
gµν(xα)pµpν ,
where (xµ, pν) are treated as canonical variables. Note
that we deliberately choose to work with contravariant
representation of the coordinates xµ and covariant mo-
menta pµ (one forms). It is easy to show that the equa-
tions of motion
dxµ
dτ
=
∂H
∂pµ
,
dpν
dτ
= − ∂H
∂xν
imply standard geodesic equations
d2xµ
dτ2
+ Γµαβ
dxα
dτ
dxβ
dτ
= 0,
where Γµαβ denote the Christoffel symbols associated with
the metric g. Here, a somewhat subtle point is the choice
of the parameter τ . We require that H = 12g
µνpµpν =
− 12m2, where m denotes the rest-mass of the particle. As
a consequence, τ = s/m, where s is the proper time. The
four-velocity uµ = dxµ/ds is normalized as gµνuµuν =
−1.
B. Vlasov equation
The Vlasov gas of non-colliding particles is described
by the probability function f = f(xµ, pν), which should
be invariant along a geodesic, i.e.,
d
dτ
f(xµ(τ), pν(τ)) =
dxµ
dτ
∂f
∂xµ
+
dpν
dτ
∂f
∂pν
=
∂H
∂pµ
∂f
∂xµ
− ∂H
∂xν
∂f
∂pν
= {H, f} = 0,
where {·, ·} denotes the Poisson bracket. In more explicit
terms, the Vlasov equation
∂H
∂pµ
∂f
∂xµ
− ∂H
∂xν
∂f
∂pν
= 0 (1)
can be written as [19, 20]
gµνpν
∂f
∂xµ
− 1
2
pαpβ
∂gαβ
∂xµ
∂f
∂pµ
= 0.
An important ingredient of the relativistic Vlasov
model is the way of associating the energy momentum
tensor Tµν to a given distribution function. It is as-
summed that Tµν can be expressed as
Tµν(x) =
∫
pµpνf(x, p)dvolx(p), (2)
where
dvolx(p) =
√
−det[gµν(x)]dp0dp1dp2dp3.
At the same time the particle current density is given by
Jµ =
∫
pµf(x, p)dvolx(p). (3)
The Vlasov equation can be used to show that
∇µJµ = 0, (4)
3where ∇µ denotes the covariant derivatieve associated
with the metric g [14]. The particle number density can
be defined covariantly as
n =
√−JµJµ. (5)
C. Horizon-penetrating coordinates
In this work we consider a gas of free particles on the
fixed Schwarzschild background spacetime with the met-
ric
g = −N(r¯)dt¯2 + 1
N(r¯)
dr¯2 + r¯2(dθ2 + sin2 θdϕ2),
where N = 1−2M/r¯. As usual for accretion problems, it
is convenient to work in horizon-penetrating coordinates.
We introduce a standard transformation (t¯, r¯) → (t, r)
given by
t = t¯+
r¯∫ [
1
N(s)
− η(s)
]
ds, r = r¯.
In terms of coordinates (t, r) the metric can be expressed
as
g = −Ndt2 + 2(1−Nη)dtdr + η(2−Nη)dr2
+r2(dθ2 + sin2 θdϕ2). (6)
The contravariant metric components can be easily com-
puted:
gtt = η(−2 +Nη), gtr = 1−Nη, grr = N.
Note that (
gtr
)2 − grrgtt = 1. (7)
The function η defines the time foliation. A pop-
ular choice (sometimes referred to as the Eddington-
Finkelstein coordinates) is to set η ≡ 1. We adhere to
this choice in the discussion in Sec. III and in our numer-
ical examples.
D. Action-angle variables in the Schwarzschild
spacetime
The Hamiltonian of a free particle in the Schwarzschild
spacetime endowed with metric (6) reads
H =
1
2
[
gtt(r)p2t + 2g
tr(r)ptpr + g
rr(r)p2r
+
1
r2
(
p2θ +
p2ϕ
sin2 θ
)]
. (8)
This form implies the following conserved quantities:
E = −pt (because H does not depend on t), lz = pϕ
(since H does not depend on ϕ), and m =
√−2H (be-
cause H does not depend explicitly on the parameter τ).
An elementary calculation shows that the total angular
momentum
l =
√
p2θ +
p2ϕ
sin2 θ
(9)
is also conserved.
For a geodesic with fixed E, lz, l, and m, the radial
momentum can be computed as
pr =
gtrE + r
√
[(gtr)2 − gttgrr]E2 − grr (m2 + l2r2 )
grr
=
(1−Nη)E + r
√
E2 − U˜l,m(r)
N
, (10)
where we have used Eq. (7) and introduced the effective
potential
U˜l,m(r) = N
(
m2 +
l2
r2
)
.
We also denote r = ±1, distinguishing between ingoing
and outgoing particles. The pθ component is given by
pθ = θ
√
l2 − l
2
z
sin2 θ
, (11)
where, similarly to r, θ = ±1.
Consider a motion along a geodesic γ with constant
E, lz, l, and m. Define the so-called abbreviated action
[21, 22]
S =
∫
γ
pµdx
µ = −Et+ lzϕ+
∫
γ
prdr +
∫
γ
pθdθ.
Here pr and pθ are given by Eqs. (10) and (11), respec-
tively. We now introduce the following canonical trans-
formation: (t, r, θ, ϕ, pt, pr, pθ, pϕ)→ (Qµ, Pν), where the
new momenta are constant:
4P0 = m =
√
−gtt(r)(pt)2 − 2gtr(r)ptpr − grr(r)(pr)2 − 1
r2
(
p2θ +
p2ϕ
sin2 θ
)
,
P1 = E = −pt,
P2 = lz = pϕ,
P3 = l =
√
p2θ +
p2ϕ
sin2 θ
,
and the corresponding conjugate variables are defined as
Q0 =
∂S
∂m
= −m
∫
γ
dr
−gtrE + grrpr , (12a)
Q1 =
∂S
∂E
= −t+
∫
γ
gttE − gtrpr
gtrE − grrpr dr, (12b)
Q2 =
∂S
∂lz
= ϕ− lz
∫
γ
dθ
pθ sin
2 θ
, (12c)
Q3 =
∂S
∂l
= −l
∫
γ
dr
r2 (−gtrE + grrpr)
+l
∫
γ
dθ
pθ
, (12d)
where again all integrals are understood as line integrals
along geodesics with constant m, E, lz, and l.
The main advantage of the new coordinates (Pµ, Q
ν)
is that they trivialize the Vlasov equation. The Hamilto-
nian reads simply H = −P 20 /2. Since the Poisson bracket
is covariant with respect to canonical transformations, we
have
∂H
∂pµ
∂
∂xµ
− ∂H
∂xν
∂
∂pν
=
∂H
∂Pµ
∂
∂Qµ
− ∂H
∂Qν
∂
∂Pν
= −P0 ∂
∂Q0
.
Consequently, the Vlasov equation takes the form
∂f
∂Q0
= 0, (13)
and its general solution can be locally written as
f(xµ, pν) = F(Q1, Q2, Q3, P0, P1, P2, P3). (14)
Further restrictions on the form of f follow from the
symmetry assumptions. This can be understood by com-
puting the lifts of the Killing vectors generating the sym-
metries of the spacetime to the cotangent bundle with
local coordinates (xµ, pν). Given a Killing vector
ξx = ξ
µ(x)
∂
∂xµ
∣∣∣∣
x
,
we compute its lift as
ξˆ(x,p) = ξ
µ(x)
∂
∂xµ
∣∣∣∣
(x,p)
− pα ∂ξ
α
∂xµ
(x)
∂
∂pµ
∣∣∣∣
(x,p)
.
The case of stationary and axially symmetric flows is rel-
atively simple, as we are only interested in two Killing
vectors: k = ∂/∂t and ξ3 = ∂/∂ϕ, with the correspond-
ing lifts also given by
kˆ =
∂
∂t
, ξˆ3 =
∂
∂ϕ
.
Expressing kˆ and ξˆ3 in terms of the coordinates (Q
µ, Pν)
we get
kˆ =
∂
∂t
=
∂Qµ
∂t
∂
∂Qµ
+
∂Pν
∂t
∂
∂Pν
= − ∂
∂Q1
.
ξˆ3 =
∂
∂ϕ
=
∂Qµ
∂ϕ
∂
∂Qµ
+
∂Pν
∂ϕ
∂
∂Pν
=
∂
∂Q2
.
Hence, a stationary distribution should be locally inde-
pendent of Q1, and an axially symmetric one should
be locally independent of Q2. The above reasoning is
closely related with the so-called Jeans theorem proved
for Newtonian Vlasov-Poisson systems in [23]. It states
that every spherically symmetric, stationary solution of
the Vlasov-Poisson system can be globally expressed as a
function of the energy and the angular momentum only.
The general relativistic counterpart of the Jeans theorem
is known to be false—counterexamples were constructed
in [24]. Since in this paper we are dealing with the fixed
Schwarzschild background, and we will restrict ourselves
to a very special subset of trajectories relevant to the ac-
cretion process (excluding the particles on bounded or-
bits), we will search for a global solution of the form
f(xµ, pν) = F(Q3, P0, P1, P2, P3).
In the following, it will be convenient to use dimen-
5sionless quantities, introduced in [15]. We define
t = Mτ˜,
r = Mξ,
pr = mpiξ,
pθ = Mmpiθ,
E = mε,
l = Mmλ,
lz = Mmλz.
Note that
N = 1− 2
ξ
,
and with η ≡ 1,
gtt = −
(
1 +
2
ξ
)
, gtr =
2
ξ
, grr = 1− 2
ξ
.
In terms of dimensionless quantities Eq. (11) takes the
form
piθ = θ
√
λ2 − λ
2
z
sin2 θ
,
while for piξ we get
piξ =
(1−Nη)ε+ r
√
ε2 − Uλ(ξ)
N
, (15)
where the dimensionless effective potential reads
Uλ(ξ) = N
(
1 +
λ2
ξ2
)
=
(
1− 2
ξ
)(
1 +
λ2
ξ2
)
.
For Q3 we obtain
Q3 = −λ
∫
γ
dξ
ξ2 (−gtrε+ grrpiξ) + λ
∫
γ
dθ
piθ
(16)
= rX(ξ, ε, λ)− r pi
2
− θ arctan
 λ cot θ√
λ2 − λ2z
sin2 θ
 ,
where
X(ξ, ε, λ) = λ
∞∫
ξ
dξ′
ξ′2
√
ε2 −
(
1− 2ξ′
)(
1 + λ
2
ξ′2
) . (17)
For future convenience, we chose the reference point
in computing the integrals in Q3 so that for ξ → ∞,
X(ξ, ε, λ) → 0. The above convention is consistent with
(and in fact motivated by) the choice made in Sec. III for
the flat spacetime. The integral in Eq. (17) can be com-
puted analytically and expressed for example in terms
of the inverse of the Weierstrass elliptic function ℘ (or
rather its suitable restrictions). We postpone the deriva-
tion of this result to Appendix A.
In deriving Eq. (16) we have assumed that the signs r
and θ remain constant along a given trajectory. Since
both signs can change along a single trajectory, in our
analysis we will divide the trajectories into segments
characterized by constant r and θ. For example, the
contribution to the particle current density due to parti-
cles scattered by the black hole will be computed by con-
sidering separately segments of the orbits corresponding
to incoming and outcoming particles.
III. BOOSTED MAXWELL-JU¨TTNER
DISTRIBUTION
A. Maxwell-Ju¨ttner distribution in the Minkowski
spacetime
In the light of the formalism described in the preced-
ing sections, the main task in the search for solutions
representing the accretion onto a moving Schwarzschild
black hole consists in choosing the appropriate distribu-
tion function f = F(Q3, P0, P1, P2, P3). We will do this
by demanding that it should correspond asymptotically
to a boosted Maxwell-Ju¨ttner distribution.
We start by considering the Maxwell-Ju¨ttner distribu-
tion in the Minkowski spacetime. The metric is written
as
g = −dt2 + dx2 + dy2 + dz2
= −dt2 + dr2 + r2(dθ2 + sin2 θdϕ2),
either in Cartesian (t, x, y, z) or spherical (t, r, θ, ϕ) coor-
dinates. The timelike Killing vector reads kµ = (1, 0, 0, 0)
(in both coordinate systems). We write the Maxwell-
Ju¨ttner distribution for the particles of the same mass m
(the so-called simple gas) as
f(xµ, pν) = δ
(√−pµpµ −m)F (xµ, pν), (18)
where
F (xµ, pν) = α exp
(
β
m
kµpµ
)
= α exp
(
βpt
m
)
, (19)
and α and β are constants. It is obviously a Lorentz
scalar, as it should be. Note that the Dirac delta term
in Eq. (18) can be omitted in the formalism in which
the momenta are a priori required to satisfy the mass
shell condition. In the following, we will refer to both f
and F given by Eqs. (18) and (19) as to Maxwell-Ju¨ttner
distribution functions. The constant β is related to the
temperature T as
β =
m
kBT
,
where kB denotes the Boltzmann constant. The constant
α can be related to the particle number density
n∞ = 4piαm4
K2(β)
β
, (20)
6where K2 is the modified Bessel function of the second
kind [27]. We use the subscript ∞ in Eq. (20), since
n∞ will be used in subsequent sections to denote the
asymptotic value of the particle number density. Note
that the convention concerning the constant β is changed
here with respect to [15, 17]. In turn, we adhere to the
original notation used by Ju¨ttner [25] and also Israel in
[27].
Boosting this distribution with the velocity v along the
z axis is simple. Under a Lorentz boost, kµ transforms
as
k′µ = (k′t, k′x, k′y, k′z) = (γ, 0, 0,−γv), γ = 1√
1− v2
in Cartesian coordinates. Thus, the boosted Maxwell–
Ju¨ttner distribution reads
f ′(xµ, pν) = δ
(√−pµpµ −m)F ′(xµ, pν),
where
F ′(xµ, pν) = α exp
(
β
m
k′νpν
)
= α exp
[
β
m
γ(pt − vpz)
]
.
Note that we boost the gas in the negative direction of the
z axis — this will correspond to the black hole moving in
the positive direction. In terms of spherical coordinates
(t, r, θ, ϕ) related to the Cartesian ones by
x = r cosϕ sin θ,
y = r sinϕ sin θ,
z = r cos θ,
we get
F ′(xµ, pν) = α exp
{
β
m
γ
[
pt − v
(
cos θpr − sin θ
r
pθ
)]}
.
(21)
For simplicity, we will omit the prime in f and F in the
remainder of this paper.
As a consistency test one can check that the above
distribution function satisfies the Vlasov equation (1).
In terms of the spherical coordinates, the Hamiltonian
function of a free particle in the Minkowski spacetime
can be written as
H =
1
2
[
−p2t + p2r +
1
r2
(
p2θ +
p2ϕ
sin2 θ
)]
. (22)
Showing that Eq. (1) is satisfied with H and f (or F )
given respectively by Eqs. (22) and (21) is a straightfor-
ward calculation.
B. Boosted Maxwell-Ju¨ttner distribution and
action-angle variables
Similarly to the Schwarzschild case, E = −pt, lz = pϕ,
m =
√−2H, and l given by Eq. (9) are also constants of
motion governed by the Hamiltonian (22).
For a geodesic parametrized by fixed E, lz, l, and m,
the momentum component pθ is still given by Eq. (11),
but the formula for pr is much simpler, namely
pr = r
√
E2 −m2 − l
2
r2
,
with r = ±1. This allows us to express the abbreviated
action as
S =
∫
γ
pµdx
µ = −Et+ lzϕ+
∫
γ
prdr +
∫
γ
pθdθ
= −Et+ lzϕ+ r
∫ √
E2 −m2 − l
2
r2
dr + θ
∫ √
l2 − l
2
z
sin2 θ
dθ.
Here, as before, we assume that the signs r and θ are constant. The last two integrals can be computed analytically.
We get, in total,
S = −Et+ lzϕ+ r
[
r
√
E2 −m2 − l
2
r2
− l arctan
(
r
l
√
E2 −m2 − l
2
r2
)]
+θ
−l arctan
 l cot θ√
l2 − l2z
sin2 θ
+ lz arctan
 lz cot θ√
l2 − l2z
sin2 θ
+ const. (23)
In analogy to the Schwarzschild case, we introduce the following canonical transformation: (t, r, θ, ϕ, pt, pr, pθ, pϕ)→
7(Qµ, Pν), where the new momenta are constant:
P0 = m =
√
(pt)2 − (pr)2 − 1
r2
(
p2θ +
p2ϕ
sin2 θ
)
, (24a)
P1 = E = −pt, (24b)
P2 = lz = pϕ, (24c)
P3 = l =
√
p2θ +
p2ϕ
sin2 θ
, (24d)
and the corresponding conjugate variables are defined as
Q0 =
∂S
∂m
= −
mrr
√
E2 −m2 − l2r2
E2 −m2 = −
rpr
(pr)2 +
l2
r2
√
(pt)2 − (pr)2 − l
2
r2
, (25a)
Q1 =
∂S
∂E
= −t+
Err
√
E2 −m2 − l2r2
E2 −m2 = −t−
rptpr
(pr)2 +
l2
r2
, (25b)
Q2 =
∂S
∂lz
= ϕ+ arctan
 lz cot θ√
l2 − l2z
sin2 θ
 = ϕ+ arctan(pϕ cot θ
pθ
)
, (25c)
Q3 =
∂S
∂l
= −r arctan
(
r
l
√
E2 −m2 − l
2
r2
)
− θ arctan
 l cot θ√
l2 − l2z
sin2 θ
 (25d)
= − arctan
(rpr
l
)
− arctan
(
l cot θ
pθ
)
. (25e)
In the above formulas the last form is given in terms of
the momenta (pt, pr, pθ, pϕ). The total angular momen-
tum l is given by Eq. (9). In deriving expressions (25)
we have assumed that the constant in Eq. (23) is inde-
pendent of m, E, lz, and l. Our normalization assumed
in Eq. (16) for the coordinate Q3 in the Schwarzschild
metric was chosen precisely to match the normalization
of Eq. (25e).
Inverting the transformation (t, r, θ, ϕ, pt, pr, pθ, pϕ)→
(Qµ, Pν) is tedious. We get
rpr = − (P
2
1 − P 20 )Q0
P0
and
r2 =
(P 21 − P 20 )(Q0)2
P 20
+
P 23
P 21 − P 20
.
The formulas for θ and pθ can be derived from
P 23 = p
2
θ +
P 22
sin2 θ
and
P3 cot θ
pθ
= tan
{
−Q3 − arctan
[
(P 20 − P 21 )Q0
P0P3
]}
.
We get, for instace,
sin2 θ =
P 23 + P
2
2 V
2
P 23 (1 + V
2)
,
where
V = tan
{
−Q3 − arctan
[
(P 20 − P 21 )Q0
P0P3
]}
.
As the second consistency test we check that F given
by Eq. (21) does not depend on Q0, as required by Eq.
(13). In principle this should be a straightforward task.
The mapping (t, r, θ, ϕ, pt, pr, pθ, pϕ) → (Qµ, Pν) can be
inverted, and one can express F in terms of new variables
(Qµ, Pν). However, the resulting formula is long, and it
is difficult to show that the terms containing Q0 cancel
out. Instead, we write
∂F
∂Q0
=
∂xµ
∂Q0
∂F
∂xµ
+
∂pν
∂Q0
∂F
∂pν
(26)
=
∂r
∂Q0
∂F
∂r
+
∂θ
∂Q0
∂F
∂θ
+
∂pr
∂Q0
∂F
∂pr
+
∂pθ
∂Q0
∂F
∂pθ
,
where on the right-hand side we only keep non zero terms.
By inverting the Jacobian ∂(Qµ, Pµ)/∂(x
ν , pν) one can
show that the right-hand side of Eq. (26) vanishes.
8C. Asymptotic relations
In fact, it suffices to consider asymptotic relations only.
For r →∞, Eq. (21) tends to
F (ξµ, pν) = α exp
[
β
m
γ (pt − v cos θpr)
]
.
On the other hand, asymptotically,
Q3 = −r pi
2
− θ arctan
 l cot θ√
l2 − l2z
sin2 θ

= −r pi
2
− arctan
(
l cot θ
pθ
)
.
Note that −Q3−rpi/2 ∈ (−pi/2, pi/2). A straightforward
calculation yields
cos2 θ =
P 23 − P 22
P 23
sin2
(
−Q3 − r pi
2
)
,
and
sign(cos θ) = θsign
[
tan
(
−Q3 − r pi
2
)]
.
This gives
cos θ = θ
√
P 23 − P 22
P3
sin
(
−Q3 − r pi
2
)
.
Since asymptotically,
pr = r
√
E2 −m2 = r
√
P 21 − P 20 ,
we get
F = α exp
{
β
P0
γ
[
−P1 − vrθ
√
P 21 − P 20
√
P 23 − P 22
P3
sin
(
−Q3 − r pi
2
)]}
. (27)
Let us stress that the above formula, derived basing on
the asymptotic relations, is actually valid everywhere in
the Minkowski spacetime, i.e., one could substitute in Eq.
(27) the expressions for P0, P1, P2, P3, and Q
3 derived
in Sec. III C, and obtain Eq. (21). While it is difficult to
check this algebraically, we have performed several nu-
merical tests confirming this fact.
Standard spherical coordinates used in this section cor-
respond to the limit M → 0 in the Schwarzschild metric
(6), but also to the choice η → 1. On the other hand,
the expressions for Pµ and Q
3 in (27) are, in fact, in-
dependent of the choice of η. This allows us to restore
the explicit dependence of some of the quantities on an
arbitrary function η in the remaining sections.
IV. MOMENTUM INTEGRALS
A. Properties of the effective potential,
classification of trajectories
The probability function given by Eq. (27) with
the action-angle variables (Qµ, Pν) computed for the
Schwarzschild metric in Sec. II D constitutes the desired
solution of the Vlasov equation describing the accretion
onto a moving Schwarzschild black hole. However, in
order to compute momentum integrals appearing in Eq.
(3), one needs a set of variables allowing one to control
the region in the phase-space available for the motion of
the particles. We define such coordinates in the following
subsection. In this subsection, we classify the trajecto-
ries of the particles that can reach to infinity and recall
the relevant properties of the effective potential Uλ(ξ). A
detailed discussion of this topic can be found in [15].
For λ2 ≤ 12, the effective potential is an increasing
function of ξ, growing from Uλ = 0 at ξ = 2 (the hori-
zon) to Uλ = 1 at ξ → ∞. If λ2 > 12, there is a local
maximum at
ξmax =
λ2
2
(
1−
√
1− 12
λ2
)
,
and a local minimum at
ξmax =
λ2
2
(
1 +
√
1− 12
λ2
)
.
For λ2 growing from 12 to infinity, ξmax decreases from
6 to 3 (the location of the photon sphere), and Uλ(ξmax)
grows from 8/9 to infinity. At the same time, ξmin grows
from 6 to infinity, while Uλ(ξmin) grows from 8/9 to 1.
Of special interest is the limiting value of the angu-
lar momentum λc(ε) such that Uλc(ε)(ξmax) is equal to
an a priori prescribed value of ε2, i.e., a solution to the
equation
Uλc(ε)(ξmax) = ε
2.
9It can be easily computed as
λc(ε) =
√
12
1− 4 (δ −√δ2 + δ)2
=
√
12
1− 4δ − 8δ2 + 8δ√δ2 + δ , (28)
where
δ =
9
8
ε2 − 1,
and this is essentially the formula given in [15]. Unfortu-
nately, it turns out to be numerically unstable for large
values of ε. In numerical applications we use another
form, namely,
λc(ε)
2 =
12
1− 4(
3ε√
9ε2−8
+1
)2 , (29)
which reduces the numerical instability.
Particles with ε ≥ 1 and λ ≤ λc(ε) can travel from in-
finity and get absorbed by the black hole. We denote
the quantities referring to such particles (trajectories)
with the subscript or superscript (abs). On the other
hand, particles with sufficiently high angular momen-
tum λ are scattered by the centrifugal barrier, and travel
back to infinity. Quantities referring to those trajectories
are denoted with (scat). The precise characterization of
the phase-space region occupied by these trajectories is
slightly more complex. A minimal energy of a scattered
particle depends on ξ, and it is given by
εmin(ξ) =

∞, ξ ≤ 3,√(
1− 2ξ
)(
1 + 1ξ−3
)
, 3 < ξ < 4,
1, ξ ≥ 4.
(30)
Note that ξ = 3 corresponds to the location of the photon
sphere. Consequently, no particle can be scattered to
infinity from a location with ξ ≤ 3. The upper limit on
the total angular momentum of a scattered particle reads
λmax(ξ, ε) = ξ
√
ε2
1− 2ξ
− 1. (31)
This is actually a very simple bound following directly
from the requirement that ε2 ≥ Uλ(ξ). The phase-space
region occupied by the particles traveling from infinity
and scattered off the centrifugal barrier is given by the
conditions εmin(ξ) < ε <∞, λc(ε) < λ < λmax(ξ, ε).
B. Particle current density and the accretion rate
In order to evaluate integrals over momenta in Eqs. (2)
or (3), we define a new coordinate χ so that
piθ = λ cosχ, λz = λ sin θ sinχ,
and change the variables (piθ, λz) to (λ, χ). Note that Eq.
(11) is then satisfied identically. In total, we change the
momentum variables from (pt, pr, pθ, pϕ) to (ε,m, λ, χ),
according to
pt = −mε, pθ = Mmλ cosχ, pϕ = Mmλ sin θ sinχ.
The radial momentum pr is given as a solution to the
equation
gttm2ε2 − 2gtrmεpr + grr(pr)2 + m
2λ2
ξ2
+m2 = 0.
For the integration element in the momentum space
we get
dvolx(p) =
1
ξ2
m3λ√
ε2 − Uλ(ξ)
dεdmdλdχ.
Note that√
P 21 − P 20 = m
√
ε2 − 1,√
P 23 − P 22
P3
=
√
1− sin2 θ sin2 χ.
Also note that
θ arctan
 λ cot θ√
λ2 − λ2z
sin2 θ
 = arctan( cot θ
cosχ
)
.
Thus
Q3 = rX(ξ, ε, λ)− r pi
2
− arctan
(
cot θ
cosχ
)
.
This allows one to express F as
F = α exp
{
βγ
[
−ε− vrθ
√
ε2 − 1
√
1− sin2 θ sin2 χ sin
(
−rX(ξ, ε, λ) + arctan
(
cot θ
cosχ
))]}
= α exp
{
βγ
[
−ε− v
√
ε2 − 1 (r cosX(ξ, ε, λ) cos θ − sinX(ξ, ε, λ) sin θ cosχ)
]}
,
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where we have used the fact that θ = sign(cosχ). Note that the above expression shows the correct asymptotic
behavior for X → 0 (or ξ →∞).
In the following we define also
Fn =
∞∫
0
mnfdm = mnF
= αmn exp
{
βγ
[
−ε− v
√
ε2 − 1 (r cosX(ξ, ε, λ) cos θ − sinX(ξ, ε, λ) sin θ cosχ)
]}
.
We abuse the notation at this point: the symbol m is used to denote the mass understood as one of the phase-space
coordinates, and also as the fixed mass of the gas particles. While using two different symbols in this context would
be mathematically more clear, it could turn out to be physically confusing.
We are now ready to compute the components of the particle current density Jµ, which we express as a sum of two
parts, Jµ = J
(abs)
µ + J
(scat)
µ , corresponding to absorbed and scattered particles, respectively. The components J
(abs)
µ
are computed as
J (abs)µ =
∞∫
1
dε
λc(ε)∫
0
dλ
2pi∫
0
dχ
∞∫
0
dm
pµfm
3λ
ξ2
√
ε2 − Uλ(ξ)
,
where we have to keep in mind that the absorbed trajectories correspond to r = −1 (r appears in the expressions
for pr and f). For the components J
(scat)
µ we have
J (scat)µ =
∑
r=±1
∞∫
εmin(ξ)
dε
λmax(ξ,ε)∫
λc(ε)
dλ
2pi∫
0
dχ
∞∫
0
dm
pµfm
3λ
ξ2
√
ε2 − Uλ(ξ)
.
The components of the four-momentum can be expressed as
pµ = (pt, pr, pθ, pϕ) = m
(
−ε, (1−Nη)ε+ r
√
ε2 − Uλ(ξ)
N
,Mλ cosχ,Mλ sin θ sinχ
)
.
To get J
(abs)
t we evaluate
J
(abs)
t = −
1
ξ2
∞∫
1
dε
λc(ε)∫
0
dλ
2pi∫
0
dχεF4 λ√
ε2 − Uλ(ξ)
= −2piαm
4
ξ2
∞∫
1
dεεe−βγε
λc(ε)∫
0
dλ
λ√
ε2 − Uλ(ξ)
exp
[
βγv
√
ε2 − 1 cosX cos θ
]
×I0
[
βγv
√
ε2 − 1 sinX sin θ
]
, (32)
where we have used the fact that
2pi∫
0
eδ cosχdχ = 2piI0(δ),
and In(δ) is the modified Bessel function of the first kind. For scattered particles we get
J
(scat)
t = −
1
ξ2
∑
r=±1
∞∫
εmin(ξ)
dε
λmax(ξ,ε)∫
λc(ε)
dλ
2pi∫
0
dχεF4 λ√
ε2 − Uλ(ξ)
= −4piαm
4
ξ2
∞∫
εmin(ξ)
dεεe−βγε
λmax(ξ,ε)∫
λc(ε)
dλ
λ√
ε2 − Uλ(ξ)
cosh
(
βγv
√
ε2 − 1 cosX cos θ
)
×I0
(
βγv
√
ε2 − 1 sinX sin θ
)
. (33)
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In evaluating J
(abs)
r , one should note that an expression for pr with r = −1 which is manifestly regular at the
horizon can be written as
pr = mpiξ = m
(
−ηε+
1 + λ
2
ξ2
ε+
√
ε2 − Uλ(ξ)
)
.
For r = +1 the component pr is divergent at the horizon. Note that this does cause any difficulties, as J
(scat)
µ vanishes
below the photon sphere (for ξ < 3), and pr with r = +1 only appears in expressions for J
(scat)
µ . The formulas for Jr
and Jθ are as follows:
J (abs)r =
2piαm4
ξ2
∞∫
1
dε e−βγε
λc(ε)∫
0
dλ
λ√
ε2 − Uλ(ξ)
(
−ηε+
1 + λ
2
ξ2
ε+
√
ε2 − Uλ(ξ)
)
× exp
[
βγv
√
ε2 − 1 cosX cos θ
]
I0
[
βγv
√
ε2 − 1 sinX sin θ
]
, (34a)
J (scat)r =
4piαm4
ξ2N
∞∫
εmin(ξ)
dεe−βγε
λmax(ξ,ε)∫
λc(ε)
dλλ
[
(1−Nη)ε√
ε2 − Uλ
cosh
(
βγv
√
ε2 − 1 cosX cos θ
)
− sinh
(
βγv
√
ε2 − 1 cosX cos θ
)]
I0
[
βγv
√
ε2 − 1 sinX sin θ
]
(34b)
J
(abs)
θ =
2piαMm4
ξ2
∞∫
1
dεe−βγε
λc(ε)∫
0
dλ
λ2√
ε2 − Uλ(ξ)
exp
(
βγv
√
ε2 − 1 cosX cos θ
)
×I1
(
βγv
√
ε2 − 1 sinX sin θ
)
, (34c)
J
(scat)
θ = −
4piαMm4
ξ2
∞∫
εmin(ξ)
dεe−βγε
λmax(ξ,ε)∫
λc(ε)
dλ
λ2√
ε2 − Uλ(ξ)
cosh
(
βγv
√
ε2 − 1 cosX cos θ
)
×I1
(
βγv
√
ε2 − 1 sinX sin θ
)
. (34d)
In computing Jθ, we make use of the integral
2pi∫
0
cosχeδ cosχdχ = 2piI1(δ).
Finally, since
2pi∫
0
sinχeδ cosχdχ = 0,
we obtain Jϕ = 0.
We will now discuss the mass accretion rate through a sphere of a given radius r = Mξ, defined as
M˙ = −m
2pi∫
0
dϕ
pi∫
0
dθ r2 sin θ Jr. (35)
It follows immediately from Eq. (4) that M˙ does not depend on the radius of the sphere. Taking into account that
Jr = grrJr + g
rtJt, or p
r = grrpr + g
rtpt = rm
√
ε2 − Uλ(ξ), we get in general
Jr =
1
ξ2
∫
dε
∫
dλ
∫
dχrλF4.
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A straightforward calculation yields
Jr(abs) = −
2piαm4
ξ2
∞∫
1
dε e−βγε
λc(ε)∫
0
dλ λ exp
(
βγv
√
ε2 − 1 cosX cos θ
)
I0
(
βγv
√
ε2 − 1 sinX sin θ
)
and
Jr(scat) = −
4piαm4
ξ2
∞∫
εmin(ξ)
dε e−βγε
λmax(ξ,ε)∫
λc(ε)
dλ λ sinh
(
βγv
√
ε2 − 1 cosX cos θ
)
I0
(
βγv
√
ε2 − 1 sinX sin θ
)
.
It is easy to see that Jr(scat) does not contribute to the mass accretion rate. Indeed,
pi∫
0
dθ sin θJr(scat) = 0.
This is because
pi∫
0
I0(β sin θ) sinh(δ cos θ) sin θdθ =
1∫
−1
I0
(
β
√
1− x2
)
sinh(δx)dx = 0,
where x = cos θ. This is also reasonable, as we could try to evaluate M˙ at a sphere with a radius ξ < 3, where
Jr(scat) ≡ 0. In order to facilitate the computation of M˙ we first take the limit of ξ →∞ (X → 0). In this limit
ξ2Jr(abs) → −piαm4
∞∫
1
dελ2c(ε)e
−βγεeβγv
√
ε2−1 cos θ.
Consequently, M˙ (evaluated at infinity) reads
M˙ = 4pi2αM2m5
∞∫
1
dε e−βγελ2c(ε)
sinh
(
βγv
√
ε2 − 1)
βγv
√
ε2 − 1
= piM2mn∞
β
K2(β)
∞∫
1
dε e−βγελ2c(ε)
sinh
(
βγv
√
ε2 − 1)
βγv
√
ε2 − 1 . (36)
Note that for v = 0 we recover the result of [17] (Eq. (40)
of [17]). As yet another consistency test, we checked that
expression (35) evaluated numerically at spheres with dif-
ferent radii ξ agrees with M˙ given by Eq. (36) with an
accuracy of at least 10−4.
In the limit of β → 0 (infinite temperature, ultrarela-
tivistic gas) we found
M˙ = 27piM2mn∞γ. (37)
This agrees qualitatively with the result of Petrich,
Shapiro and Teukolsky [6], who found for the perfect
gas with the ultra-hard equation of state the expression
M˙ = 16piM2mn∞γ. Similarly to the result derived in
[6], for large temperatures the accretion rate is essen-
tially the value for v = 0 multiplied by the Lorentz fac-
tor. For v = 0, it is also possible to compute the limit
with β →∞. We get in this case
M˙(v = 0) = 16M2mn∞
√
2piβ
(this result has already been derived in [15]). A detailed
derivation of the above limits is given in Appendix B.
V. NUMERICAL RESULTS
A numerical computation of the integrals representing
the components of the particle current density Jµ, de-
rived in the preceding sections, is time consuming and
not exactly straightforward, but it is feasible with com-
puter systems such as Wolfram Mathematica [28]. They
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FIG. 1: Typical structure of the particle density ratio n/n∞
for β = 8 and v = 0.5. The black hole moves towards θ = 0.
The upper panel shows the radial profiles of the density for 3
selected values of the angle θ. The lower panel depicts angular
profiles of the ratio n/n∞ computed for a sample of spheres of
constant radius ξ. Vertical lines in the upper plot correspond
to the locations of the horizon (r/M = 2), the photon sphere
(r/M = 3), and the innermost stable circular orbit (ISCO,
r/M = 6).
are all relatively simple, double integrals of elementary
functions, with the exception of X(ξ, ε, λ), which is given
in terms of elliptic functions (and which is responsible for
the main computational cost in our numerical implemen-
tation). On the other hand, care should be taken in order
to evaluate these integrals to a satisfactory accuracy, as
shown by a necessity of replacing the expression (28) for
λc(ε) with its more stable version (29). In this section
we show the results of our computations of the particle
current density Jµ and the particle density n for a sample
of solutions.
Figures 1 and 2 illustrate a sample morphology of the
flow, obtained for v = 0.5 and β = 8. In Fig. 1 we plot
radial and angular profiles of the particle density n. As
expected, the particle density tends to n∞, as ξ → ∞
(in all angular directions). Close to the black hole, the
structure of the flow becomes quite intricate. There is a
local maximum of the particle density in front of the black
hole (for θ = 0), just outside the photon sphere, and a
minimum behind the black hole (for θ = pi). The graph of
the angular density profiles (Fig. 1, lower panel) depicts
also an increase of the particle density in the direction
perpendicular to the symmetry axis (i.e., to the direction
of the black-hole motion).
For visualization purposes we define the Cartesian
components of the particle density current
Jx =
(
Jθ
r
cos θ + Jr sin θ
)
cosϕ
Jy =
(
Jθ
r
cos θ + Jr sin θ
)
sinϕ,
Jz = −Jθ
r
sin θ + Jr cos θ.
In Figs. 2–4 we plot the components Jy and Jz at the
plane x = 0, so that Jx ≡ 0. Figure 2 depicts the
structure of the flow, with an explicit division into the
absorbed part Jµ(abs), the scattered part J
µ
(scat), and the
total current Jµ = Jµ(abs)+J
µ
(scat). The colors in Fig. 2 de-
pict the length of the spatial part of the particle density
current
| ~J | =
√
gijJ iJj =
√(
1 +
2M
r
)
(Jr)
2
+
(
Jθ
r
)2
,
normalized by the particle density n. Far from the black
hole (upper panels), the absorbed flow is roughly spher-
ically symmetric, while the scattered one represents a
uniform motion along the symmetry axis. For the case
depicted in Fig. 2, the uniform motion prevails in the to-
tal current (upper right panel), but this does not need
to be the case—note that for v = 0 (spherically sym-
metric flow), we have Jr(scat) = 0. For sufficiently small
velocities v, we would expect a region around the black
hole, in which the accretion occurs roughly spherically
symmetrical; at the same time at far distances from the
black hole the uniform motion with a non-zero velocity
v should dominate the radial velocity component, which
vanishes asymptotically. In the examples shown in Figs.
3 and 4 for v = 0.05, the approximately spherically sym-
metric region has a radius smaller than ξ ≈ 10. This
roughly spherically symmetric region seems to disappear
for black-hole velocities larger than v ≈ 0.1.
Among other structures present in Fig. 2, we note the
importance of the photon sphere at ξ = 3 (dot-dashed
circle) and, to a less extent, the innermost stable circular
orbit with the radius ξ = 6 (dotted circle). An inspection
of the flow in the vicinity of the black hole (lower row)
reveals the existence of a stagnation point behind the
black hole. This is a common feature observed in all
our models, and also in hydrodynamical solutions of the
relativistic Bondi-Hoyle-Lyttleton accretion.
The dependency of the solutions on v and β is shown
in Figs. 3 and 4. The morphology of the flow seems to be
affected much stronger by the black-hole velocity v than
by the parameter β. As expected, for small black-hole ve-
locities v the accretion occurs more or less isotropically
(Fig. 4, left column). On the other hand, for relativistic
black-hole speeds, anisotropic features, signalled already
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FIG. 2: Typical structure of the particle density current Jµ(abs) (left column), J
µ
(scat) (middle column), and the total J
µ =
Jµ(abs) + J
µ
(scat) (right column) for v = 0.5 and β = 8. The directions of the vector field (J
y, Jz) are shown with arrows and
streamlines. The colors on the plot are proportional to the ratio | ~J |/n.
in Fig. 1, become dominant. In the large scale, we observe
mainly the increase of the particle number density in the
direction perpendicular to the symmetry axis, which be-
comes thinner and thinner with an increasing velocity v.
This seems to be consistent with a hand-waved expla-
nation in terms of the relativistic Lorentz contraction.
There is also a long tail of a low-density material behind
the black hole. The matter gets compressed in front of
the photon sphere, but also just behind the black hole,
where it is accretted through the horizon.
Another peculiar feature occurring for ultra-relativistic
black hole speeds (Figs. 3 and 4, right column) is the
presence of a high-density tube-like region in front of the
black hole. It is roughly parallel to the symmetry axis
and forms a kind of a funnel, dividing the stream accret-
ted directly by the black hole from the stream “passing
by”.
We would also like to point the reader’s attention to
huge differences in the value of the particle density at its
minimum close to the stagnation point. For β = 8 and
v = 0.95 the particle density n at this minimum is nearly
six orders of magnitude smaller than the asymptotic
value n∞. For β = 1 and v = 0.95, the ratio of n/n∞ in
this rarefaction region is of the order n/n∞ ≈ 10−2. This
appears to be the only quantity rapidly changing with β.
Figures 5–7 show the dependence of the accretion rate
M˙ on the black-hole velocity v and the parameter β. In
Fig. 5 we plot the ratio of the accretion rate M˙ = M˙(v) to
its value corresponding to the case with v = 0, denoted as
M˙(0). For non-relativistic particles (β > 4.844), the ratio
M˙(v)/M˙(0) is not monotonic with v, and it drops below 1
for moderate black-hole velocities v. For ultra-relativistic
black-hole velocities, the ratio M˙(v)/M˙(0) turns out to
be proportional to the Lorentz factor γ. The same, nearly
linear dependence on γ is also observed for small values
of the parameter β and the entire range of v (see Fig.
6). This confirms the limit given by Eq. (37), derived in
Appendix B. Figure 7 illustrates this fact in yet another
way, by plotting the ratio M˙/(27piM2mn∞) versus γ.
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FIG. 3: The dependence of the flow on the black-hole velocity v and the parameter β. The upper row corresponds to β = 1;
the graphs in the lower row were obtained for β = 8. The columns correspond (from left to right) to v = 0.05, 0.5, and 0.95,
respectively. The colors in the graphs depict the particle density ratio n/n∞. The vector field (Jy, Jz) is depicted with arrows,
similarly to Fig. 2.
VI. CONCLUSIONS
Using the formalism developed by Rioseco and Sarbach
in [15], we have been able to derive an exact solution rep-
resenting the accretion of the relativistic Vlasov gas onto
a moving Schwarzschild black hole. In many respects,
the derived solution differs from solutions known from
the relativistic Bondi-Hoyle-Lyttleton accretion of per-
fect fluids. In general, the accretion rate is no longer a
monotonic function of the black-hole velocity, although
in the limit of β → 0 (hot gases) we recover the situa-
tion known from the relativistic accretion of ultra-hard
fluids—the accretion rate is directly proportional to the
Lorentz factor associated with the black-hole velocity.
The morphology of the flow is also different, although
there are similarities in the velocity field (particle den-
sity current). As usual for the relativistic accretion onto
a moving black hole, we describe the velocity field in the
frame associated with the black hole. For highly relativis-
tic black-hole speeds the velocity of the gas departures
from the uniform asymptotic distribution only in a nar-
row zone, parallel to the symmetry axis. In all cases there
is a stagnation point behind the black hole, in which the
velocity of the gas with respect to the black hole van-
ishes. It is also roughly correlated with a minimum of
the particle number density. Remarkably, for highly rel-
ativistic black-hole speeds the density in this minimum
can be lower than its asymptotic value by several orders
of magnitude. A substantial increase of the density is ob-
served in front of the black hole, still outside the photon
sphere, and behind the black hole, in a close vicinity of
the horizon.
Our analysis is limited to stationary configurations of
a Vlasov gas of collisionless and non-degenerate particles.
Obvious possible generalizations include taking into ac-
count Fermi-Dirac and Bose-Einstein statistics, scatter-
ing terms between particles, dynamics of the flow, the ex-
istence of particles on bounded orbits. The latter would
become important, if the collisions between the particles
or self-gravity of the gas were taken into account. Also
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FIG. 4: Same as in Fig. 3, except for the density scale, which is now logarithmic. The graphs show the morphology of the
flow in the vicinity of the black hole. The region inside the horizon is marked in black, although the solution was computed up
to ξ = 1. Two additional circles with radii ξ = 3 and ξ = 6 mark the locations of the photon sphere and the innermost stable
circular orbit.
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FIG. 5: The ratio M˙(v)/M˙(0) of the accretion rate given
by Eq. (36) for the moving black hole to the accretion rate
corresponding to v = 0. For non-relativistic particles with
sufficiently large β > 4.844 (this threshold value has been
determined numerically) the accretion becomes suppressed
for moderate black-hole speeds v. For v ' 1, the ratio
M˙(v)/M˙(0) is proportional to the value of the Lorentz factor
γ for all values of β (see also Fig. 6).
a natural (but probably difficult) generalization would
consist of considering a Kerr black hole, instead of the
Schwarzschild spacetime. We believe that all these gen-
eralizations are technically feasible to some extent.
β=10-2β=1β=102γ
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4
6
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M (v)/M
 (0)
FIG. 6: Same as in Fig. 5. Instead of the velocity, the
abscissa shows the Lorentz factor γ, to clarify a nearly lin-
ear behavior for ultra-relativistic black-hole velocities. For
sufficiently small β  1 (red), the ratio M˙(v)/M˙(0) is indis-
tinguishable from γ (dashed).
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FIG. 7: The ratio M˙/(27pimM2n∞) versus γ. The Lorentz
factor provides both the lower estimate and the high-velocity
limit.
Appendix A: Derivation of the expression for Q3
In this appendix we derive expressions (16) and (17)
for Q3 in the Schwarzschild spacetime. Recall that Q3 is
defined as [Eq. (12d)]
Q3 = −l
∫
γ
dr
r2 (−gtrE + grrpr) + l
∫
γ
dθ
pθ
.
The second integral can be evaluated in terms of elemen-
tary functions. Recalling that pθ is given by Eq. (11), we
get
l
∫
γ
dθ
pθ
= −θ arctan
 l cot θ√
l2 − l2z
sin2 θ
+ const.
The integral
−l
∫
γ
dr
r2 (−gtrE + grrpr)
is more problematic. A direct calculation making use of
Eq. (15) yields
−l
∫
γ
dr
r2 (−gtrE + grrpr)
= −λ
∫
γ
dξ
ξ2 (−gtrε+ grrpiξ)
= −λr
∫
dξ
ξ2
√
ε2 −
(
1− 2ξ
)(
1 + λ
2
ξ2
) ,
where we have assumed that r is fixed along γ. We fix
the integration constant by introducing
X(ξ, ε, λ) = λ
∞∫
ξ
dξ′
ξ′2
√
ε2 −
(
1− 2ξ′
)(
1 + λ
2
ξ′2
) (A1)
[Eq. (17)] and setting
Q3 = rX(ξ, ε, λ)− r pi
2
− θ arctan
 λ cot θ√
λ2 − λ2z
sin2 θ
 .
[Eq. (16)]. Assymptotically (for ξ →∞), the radial terms
tend to −rpi/2, which agrees with the asymptotic limit
of Eq. (25e).
The integral (A1) can be evaluated by substituting w =
a
(
1
ξ − 16
)
, where a > 0 is an arbitrary constant. This
yields
X = −
√
2a
− a6∫
a
ξ− a6
dw√
4w3 − g2w − g3
, (A2)
where
g2 = − 2
λ2
a2
(
2− λ
2
6
)
,
g3 = − 2
λ2
a3
(
ε2 − 2
3
− λ
2
54
)
.
The integral (A2) can be expressed in terms of an inverse
of a restriction of the Weierstrass elliptic function ℘ by re-
calling the standard integral formula for the Weierstrass
function
z =
∞∫
℘(z;g2,g3)
dw√
4w3 − g2w − g3
.
In numerical applications inverting the Weierstrass
function ℘ can be inconvenient because of a necessity
of choosing its appropriate restrictions. In practice, we
use the representation of the indefinite integral
I(w) =
∫
dw√
4w3 − g2w − g3
in the form
I(w) =
2 (w − w3)
√
w−w1
w3−w1
√
w−w2
w3−w2√
w−w3
w2−w3
√
4w3 − g2w − g3
(A3)
×F
(
arcsin
√
w3 − w
w3 − w2 |
w2 − w3
w1 − w3
)
+ C,
where w1, w2, w3 denote (possibly complex) roots of the
polynomial 4w3 − g2w − g3 = 0, and F (φ|m) is Legen-
dre’s elliptic integral of the first kind. The convention for
F (φ|m) used here is
F (φ|m) =
φ∫
0
dθ√
1−m sin2 θ
,
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for −pi/2 < φ < pi/2. The integral X(ξ, ε, λ), given by
Eq. (A2), is then computed as
X = −
√
2a [I(−a/6)− I(a/ξ − a/6)] .
In our numerical calculations, the above formula yields a
correct, real result, even though the representation of the
indefinite integral I(w) given by Eq. (A3) is in general
complex-valued and depends on the ordering of w1, w2,
and w3. Since a can be any positive constant, we assume
a = 1.
Appendix B: Derivation of the limiting expressions
for M˙
In this appendix we compute limiting expressions for
the mass accretion rate M˙ given in Sec. IV B. We start
with the zero-velocity case, in which the sinhc factor in
Eq. (36) becomes 1:
M˙(v = 0) = piM2mn∞
β
K2(β)
∞∫
1
dε e−βε λ2c(ε). (B1)
The location of the maximum of the integrand in Eq.
(B1)
g(ε) = e−βε λ2c(ε)
can be derived analytically. The equation g′(ε) = 0 has
the following roots:
ε =
−β ±
√
β4 + 9β2
β2
,
and the maximum of the integrand corresponds to the
plus sign. For the purpose of finding the limits β →
0 and β → ∞, the location of this maximum can be
approximated as
εmax =
−β +
√
β4 + 9β2
β2
'
{
2
β , β < 2,
1, β > 2.
We evaluate the integral in Eq. (B1) by expanding
λc(ε) near the maximum of the integrand. For small
values of β we get
λc(ε)
2 ' 27ε2 − 9. (B2)
Using this approximation, and taking the limit K2(β)→
2/β2 we obtain for β → 0,
M˙(v = 0) = piM2mn∞
β
K2(β)
18e−β
(
β2 + 3β + 3
)
β3
→ 27piM2mn∞.
In the limit of β →∞, the maximum of the integrand
is shifted towards ε = 1, i.e., to the left boundary of
the integration interval. It is sufficient to approximate
λc(ε) as λc(ε)
2 ' 16 + . . ., i.e., to keep the zero-order
term in the Taylor expansion at ε = 1 only. Because the
asymptotic expansion of the Bessel function K2 reads
K2(β) ∼ e−β
√
pi
2β
,
we get
M˙(v = 0) = piM2mn∞
β
K2(β)
16e−β
β
→ 16M2mn∞
√
2piβ,
for β → ∞. The above expression agrees with the one
derived in [15].
For a non-zero velocity v, we derive the following ap-
proximation of the β → 0 limit. We start by replacing
λc(ε) in Eq. (36) with the approximation (B2). While,
it has been derived for the v = 0 case, we believe that
we do not introduce a significant error at this point (this
is also confirmed by our numerical results). Expanding√
ε2 − 1 and noting that for v > 0, γv =
√
γ2 − 1, we
write the accretion rate as
M˙ = piM2mn∞
β
K2(β)
×
∞∫
1
dεe−βγε(27ε2 − 9)sinhc
(
β
√
γ2 − 1ε
)
.
The above integral can be computed analytically. There
is a term proportional to
∞∫
1
ε2 sinhc(β
√
γ2 − 1 ε)e−βγεdε
=
e−βγ
β3γv
[(γ(β + 2γ)− 1) sinh(βγv)
+γv(β + 2γ) cosh(βγv)]
and another, proportional to
∞∫
1
sinhc(β
√
γ2 − 1 ε)e−βγεdε
=
Ei(−βγ(v + 1))− Ei(βγ(v − 1))
2βγv
,
where Ei denotes the exponential integral function. Tak-
ing the limit of the result for β → 0, we obtain
M˙ ≈ 27M2mn∞γ.
It seems that the above expression can also be understood
as a lower limit for the accretion rate. In our numerical
examples, we always find
M˙ > 27M2mn∞γ.
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Appendix C: Particle density current for the
boosted Maxwell-Ju¨ttner distribution in the
Minkowski spacetime
In this appendix we derive the counterpart of expres-
sions (32, 33, 34) for the boosted Maxwell-Ju¨ttner dis-
tribution in the flat Minkowski spacetime expressed in
spherical coordinates. They serve as one of the tests of
the procedure used in this paper to compute the Vlasov
flow in the Schwarzschild spacetime.
We start with the boosted Maxwell-Ju¨ttner distribu-
tion in the flat spacetime in spherical coordinates given
by Eq. (21). It can be written in terms of coordinates
(τ˜ , ξ, θ, ϕ) and (ε,m, λ, χ), as defined in Sec. IV B. This
yields
F = α exp (−βγε) exp
(
−βγvr
√
ε2 − 1− λ
2
ξ2
cos θ
)
× exp
(
βγv
sin θ
ξ
λ cosχ
)
. (C1)
There is no division into absorbed and scatterd trajec-
tories in the Minkowski spacetime—all trajectories are
simply straight lines. Since the dimensionless radial ef-
fective potential reads simply
Uλ(ξ) = 1 +
λ2
ξ2
,
the motion is possible for particles with ε ≥ 1 with 0 ≥
λ < λmax(ξ, ε), where
λmax(ξ, ε) = ξ
√
ε2 − 1.
A calculation similar to the one described in Sec. IV B
yields now
Jt = −4piαm
4
ξ2
∞∫
1
dεεe−βγε
λmax∫
0
dλ
λ√
ε2 − 1− λ2ξ2
cosh
(
βγv
√
ε2 − 1− λ
2
ξ2
cos θ
)
I0
(
βγvλ
sin θ
ξ
)
,
Jr = −4piαm
4
ξ2
∞∫
1
dεe−βγε
λmax∫
0
dλλ sinh
(
βγv
√
ε2 − 1− λ
2
ξ2
cos θ
)
I0
(
βγvλ
sin θ
ξ
)
,
Jθ =
4piαm4M
ξ2
∞∫
1
dεe−βγε
λmax∫
0
dλ
λ2√
ε2 − 1− λ2ξ2
cosh
(
βγv
√
ε2 − 1− λ
2
ξ2
cos θ
)
I1
(
βγvλ
sin θ
ξ
)
.
The parameter M appearing in the expression for Jθ can
be any positive constant such that r = Mξ, and ξ is
dimensionless.
The particle number density reads
n =
√
(Jt)2 − (Jr)2 − (Jθ)
2
M2ξ2
.
It can be checked numerically that it is a constant value
(independent of ξ and θ), given exactly by Eq. (20).
Another test is to start with the asymptotic expression
for the distribution function (27), written in terms of
the action-angle variables (Qµ, Pν), and substitute the
expressions for (Qµ, Pν) given by Eqs. (24) and (25). By
a lengthy but straightforward calculation, one can show
that this leads precisely to expression (C1).
[1] F. Hoyle, R. A. Lyttleton, The effect of interstellar mat-
ter on climatic variation, Proc. Cam. Phil. Soc. 35, 405
(1939).
[2] R. A. Lyttleton, F. Hoyle, The evolution of the stars, The
Observatory, 63, 39 (1940).
[3] H. Bondi, F. Hoyle, On the mechanism of accretion by
stars, Mon. Not. R. Astron. Soc. 104, 273 (1944).
[4] G. S. Bisnovatyi-Kogan, Ya. M. Kazhdan, A. A. Klypin,
A. E. Lutskii, and N. I. Shakura, Accretion onto a rapidly
moving gravitating center, Soviet Astronomy 23, 201
(1979).
[5] R. Edgar, A review of BondiHoyleLyttleton accretion,
New Astronomy Reviews 48, 843 (2004).
[6] L. I. Petrich, S. L. Shapiro, S. A. Teukolsky, Accretion
onto a Moving Black Hole: An Exact Solution, Phys.
Rev. Lett. 60, 1781 (1988).
20
[7] P. Papadopoulos, J. A. Font, Relativistic hydrodynam-
ics around black holes and horizon adapted coordinate
systems, Phys. Rev. D 58, 024005 (1998).
[8] J. A. Font, J. M. Iba´n˜ez, A numerical study of relativis-
tic Bondi-Hoyle accretion onto a moving black hole: Ax-
isymmetric computations in a Schwarzschild background,
Astrophys. J. 494, 297 (1998).
[9] J. A. Font, J. M. Iba´n˜ez, P. Papadopoulos, Non-
axisymmetric relativistic Bondi-Hoyle accretion on to a
Kerr black hole, Mon. Not. R. Astron. Soc. 305, 920
(1999).
[10] O. Zanotti, C. Roedig, L. Rezzolla, and L. Del Zanna,
General relativistic radiation hydrodynamics of accretion
flows - I. Bondi-Hoyle accretion, Mon. Not. R. Astron.
Soc. 417, 2899 (2011).
[11] P. M. Blakely, N. Nikiforakis, Relativistic Bondi-Hoyle-
Lyttleton accretion: A parametric study, Astron. Astro-
phys. 583, A90 (2015)
[12] F. D. Lora-Clavijo, A. Cruz-Osorio, and E. Moreno
Me´ndez, Relativistic BondiHoyleLyttleton accretion onto
a rotating black hole: density gradients, The Astrophys-
ical Journal Supplement Series, 219, 30 (2015).
[13] A. Cruz-Osorio, F. J. Sa´nchez-Salcedo, and F. D. Lora-
Clavijo, Relativistic Bondi-Hoyle-Lyttleton accretion in
the presence of small rigid bodies around a black hole,
Mon. Not. R. Astron. Soc. 471, 3127 (2017).
[14] L. Rezzolla, O. Zanotti, Relativistic Hydrodynamics, Ox-
ford University Press, 2013.
[15] P. Rioseco, O. Sarbach, Accretion of a relativistic, colli-
sionless kinetic gas into a Schwarzschild black hole, Class.
Quantum Grav. 34, 095007 (2017).
[16] P. Rioseco, O. Sarbach, Spherical steady-state accretion
of a relativistic collisionless gas into a Schwarzschild black
hole, J. Phys. Conf. Ser., 831, 012009 (2017).
[17] A. Cies´lik, P. Mach, Accretion of the Vlasov gas on
Reissner-Nordstro¨m black holes, Phys. Rev. D 102,
024032 (2020).
[18] P. Domı´nguez-Ferna´ndez, E. Jime´nez-Va´zquez, M. Al-
cubierre, et al. Description of the evolution of inhomo-
geneities on a dark matter halo with the Vlasov equation,
Gen. Relativ. Gravit. 49, 123 (2017).
[19] H. Andre´asson, The Einstein-Vlasov System/Kinetic
Theory, Living Rev. Relativ. 14, 4 (2011).
[20] A. D. Rendall, An introduction to the Einstein-Vlasov
system, Banach Center Publications 41, 35 (1997).
[21] L. N. Hand, J. D. Finch, Analytical mechanics, Cam-
bridge University Press, Cambridge 1998.
[22] H. Goldstein, Ch. Poole, J. Safko, Classical Mechanics,
Addison Wesley 2001.
[23] J. Batt, W. Faltenbacher, E. Horst, Stationary spheri-
cally symmetric models in stellar dynamics, Arch. Rat.
Mech. Anal. 93, 159 (1986).
[24] J. Schaeffer, A class of counterexamples to Jeans theorem
for the Vlasov-Einstein system, Comm. Math. Phys. 204,
313 (1999).
[25] F. Ju¨ttner, Das Maxwellsche Gesetz der
Geschwindigkeitsverteilung in der Relativtheorie,
Annal. Phys. 339, 856 (1911).
[26] F. Ju¨ttner, Die Dynamik eines bewegten Gases in der
Relativtheorie, Annal. Phys. 340, 145 (1911).
[27] W. Israel, Relativistic Kinetic Theory of a Simple Gas,
J. Math. Phys. 4, 1163 (1963).
[28] Wolfram Research, Inc., Mathematica, Version 12.1,
Champaign, IL (2020)
